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ABSTRACT

The diffraction by a material discontinuity in a thick dielectric/ferrite layer
is considered by modelling the layer as a distributed current sheet obey-
ing generalized sheet transition conditions (GSTCs). The sheet currents
are then formulated and solved via the standard dual integral equation ap-
proach. This yields the diffracted field in terms of unknown constants which
underscore the non-uniqueness of the GSTC current sheet representation.
The constants are dependent on the geometry and properties of the discon-
tinuity and arc determined by enforcing field continuity across the material
junction. This requires the field internal to the slab which are determined
from the external ones via analytic continuity. Results are given which
validate the solution and demonstrate the importance of the constants.

OBJECTIVE

This task involves the use of higher order boundary conditions to generate
new solutions in diffraction theory. In particular, diffraction coefficients will
be developed for dielectric/magnetic layers and metal-dielectric junctions
which are often encountered on airborne vehicles as terminations of coatings
and conformal antennas. Solutions for both polarizations will be developed
for fairly thick junctions and versatile computer codes will be written and
tested. Creeping wave diffraction coefficients will be also developed for
multilayered coated cylinders.

PROGRESS

1 Introduction

In scattering, layered materials are often modeled by equivalent shects
satisfying simple boundary/transition conditions. In particular, impene-
trable layers are typically replaced by opaque sheets satisfying standard
impedance boundary conditions (SIBCs) [1], whereas penetrable layers are
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represented by transparent sheets obeying resistive or conductjve type tran-
sition conditions (STCs) [2]. These simple boundary /transition conditions
relate the normal fields to their first normal derivatives through proportion-
ality factors, “impedances” in the SIBC case and “resistivities/conductivities”
in the STC case. With this modeling scheme, a discontinuity in layered ma-
terial is represented by an equivalent sheet discontinuity, whose scattering
may be treated via function theoretic techniques such as the Wiener-Hopf
method. As is well known, however, these equivalent sheet representations
are valid only for very thin or lossy layers and alternative simulations are
therefore required to model discontinuities in low loss layers and/or layers
of appreciable thickness.

One such approach is to employ generalized impedance boundary con-
ditions (GIBCs) [3] [4] or generalized sheet transition conditions (GSTCs)
[5] [6] in place of the usual SIBC's and STCs. The GIBCs and GSTCs are
respective generalizations of SIBCs and STCs and permit a more accurate
representation of the fields at the surface of the coating or layer. Unlike
the SIBCs or STCs, GIBCs and GSTCs include second and possibly higher
order derivatives of the field components on the equivalent sheet which are
responsible for the higher accuracy of the conditions. The highest deriva-
tive kept in the condition defines their order and generally the accuracy of
the conditions is analogous to the order. As can be expected, thicker and
multilayer coatings require higher order conditions for an accurate simu-
lation and to date a plethora of GIBCs and GSTCs have been derived to
model a variety of material coatings and layers [6] 7] 8] {9] [10].

GIBC/GSTC sheets are well suited for characterizing the diffraction
by discontinuities in thick coatings or layers. In particular, they can be
employed in conjunction with the Wiener-Hopf method or dual integral
equation approach without much deviation from the procedure used in
connection with the SIBC or STC conditions. However, the resulting so-
lutions obtained in this manner are inherently non-unique (11] [12]. This
non-uniqueness cannot be removed with the usual application of the edge
condition or the enforcement of reciprocity, which has been used in the past
to generate a more physically appealing, if not a unique, solution.

Uniqueness is an obvious requirement of the physical problem and unless
resolved it would seriously undermine the usefulness of the conditions. In
the case at hand, the non-uniqueness is manifested in the form of unknown

14



solution constants [12] and this simply points to the fact that additional
conditions are required for their specification.

In this paper we demonstrate that the GIBC/GSTC sheet characteriza-
tion can yield a complete solution when supplemented with certain condi-
tions at the sheet discontinuity which do not require apriori knowledge of
the edge fields. As a vehicle in presenting this solution procedure we employ
the dual integral equation method to consider the plane wave diffraction
by a discontinuous distributed sheet (see Figure 1(b)). This very general
model is capable of representing material half-planes, material junctions,
and material discontinuities on grounde structures, such as those shown
in Figure 2. In addition, a distributed sheet model typically renders the
same degree of accuracy as the usual infinitely-thin sheet, but with a lower
order condition. It is, therefore, of much practical interest.

In the first part of the paper, the GSTC representation of the distributed
sheet discontinuity is used to develop dual integral equations in terms of
the unknown spectral functions proportional to the sheet currents. These
equations are then solved in the standard manner to yield expressions for
the spectral functions in terms of unknown cons:ants, and examples are
presented where a proper choice for the constants demonstrates that they
recover known solutions. This demonstrates the validity of the presented
solution, but in general, the determination of the constants requires the
enforcement of additional constraints demanding field continuity across the
junction. The development of these conditions and their use in solving for
the constants is also presented.

2 Dual Integral Equation Formulation

Consider a distributed sheet of thickness 7 illuminated by the plane wave

_ jk{rcospotysings) _ E, ines E, polarization,
F.,..=¢ = .. (1)
Z,H, ., H, polarization,

as shown in Figure 1(a). The excitation (1) induces reflected and trans-
mitted felds which are explicitly given by the properties of the distributed
sheet. If this sheet models a symmetric slab, then an appropriate GSTC
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representation is formally given by [10]

4 (50 7 b () o ) -

—o<r<oo
(<55 ) (e p ) g (%) o[t - 7]} =0,
-0 <z < oo. (2)

in which F is the total field, F* = F(z,y =+7r/2), -5 = %F(x,y
= +7/2), and GyF* = %F(m,y) [y=tr/2. Also, " (—%2) are differential
operators which operate on the field quantity in the curly brackets, and are
finite polynomials in —‘1—’52 whose coefficients depend on the slab modeled
by the distributed sheet. To maintain the generality of the solution, the Z/(i’j
operators are left in symbolic form and the reader is referred to [10] for their
explicit representation in terms of the material constants and thickness of
the layers comprising the modeled slab. In general, the order of Uy, (ie.
the highest derivative present) is usually the same or one more than that

of U}, and similarly the order of Uy, is the same or one more than the order
of },. Thus, we may define the orders of the GSTCs in (2) to be

Netd maXimum{ order of I}, ()\2) » 1+ order of U}, (/\2)}
(3)
N{*" = maximum { order of 1), (M) ,1+ order of 2}, (»)}

The reflected and transmitted fields may now be easily determined by
employing (2) to find

Frefl — Rl ejlc(:c Cos do—ysing,) (4)

Eran — 7’11 ejlc(rcos¢o+ysin¢o) (5)

in which R; and T; are the reflection and transmission coefficients, respec-
tively, and are given as

Ro= ST [Re + e (6)
ejkrsinqSo
L= [R;w"—R;’dd}. (7)
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with

Reven sin ¢y, (cos? ¢,) — Uy, (cos? ¢,) ()
! sin ¢ U, (cos? ¢,) + Uy (cos? ¢,)

Rodd sin ¢Uiy (cos® ¢,) — Uiy (cos® &) 9)
VT singdl, (cos? ¢,) + Uy (cos? @)

We remark that in (8) and (9), L(}j (cos? ¢,) now represent simple polynomial
functions in cos? ¢,, since —dx?/k? = cos® ¢, in view of the ficld expressions
(4) and (5).

Consider now the case where the right half of the distributed sheet
in Figure 1(a) is replaced by another sheet of the same thickness, but of
different properties, as illustrated in Figure 1(b). The GSTC representation
of this modified sheet 1s

U, (—ak—"f) (F*~F }+ %ub (—%?2) {oy[F*+F7]} =0

(10)
Uy (—i—f) {Fr+F }+ %Uzlz (—%3) oy [Fr-F]} = o,
for —oo < z < 0 and
U2 (—%) {Ft-F}+ {;uf, (—%2-) {oy[Fr+F|} =0
(11)

U (-%2) {F*+F}+ %u;; (—%ﬁ) {oy[Fr-F|} = o

for 0 < & < oo, where the superscripts 1 and 2 distinguish the left- and
right-hand sheets, respectively. Referring to our previous discussion, the
orders of the right hand side GSTCs are given as

N = max {order of U}, (/\2) in A, 1+ order of U}, (/\2) in )\}
(12)
N7 = max {order of U3, \/\2) in A, 1 + order of U2, ()\2) in /\} .
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The modified right hand side sheet induces a scattered field F; in the
presence of the excitation (1), and the total field can be represented as

: 2
F:{Enc+Frefl+Fs y>T/‘-' (13)

Eran+Fs y<T/2

where Fj is the unknown scattered field in the region lyl > 7/2 and can be
expressed as [13] [14]

Fs(r,y) = / [M odd(cosa)+Peven (COS(I)
cly
e—jksina(ly|—‘r/2)e—jkz‘cosada. (14)

where C'is a contour in the complex a plane, such that A = cos a runs from
—00 to oo as shown in Figure 3. In this, the spectral functions P,y (cos a)
and Pee, (cosa) are directly related to the Fourier transforms of the un-
known equivalent currents

Joda = F: - F; (15)
Jeven = F:’ + F, (16)
via the relations
, oo : d\
Jodd (ac) = 2/—00 Podd (/\) e_]’“’\m (17)

oo ikex dA
JCUC" (1‘) = 2[()() Peven (/\)6 7* A_l\/_——A—;.

Substituting (1), (4), (5), (13) and (14) into the transition conditions (11)
and (12), and introducing the transformation A = cos a (see Figure 3) yields

(18)

[ g () P oL~ (19)

G0 () P (Ve s = 0, (20)
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for + < 0 and

o0 . dA
/_ 265" (\?) Posa (3) e -

B 2 sin ¢ e kT oikT/2sindo 7 11 (A2)
= g]odd(Ag)

dA
Viox

B 2sin ¢ae]kx,\oe]kr/2 smd),,Zeven (Ag)

/_oo 2G;7" (/\2) Prvern (A) 7945

green (A2)

for z > 0, where A, = cos ¢, and

Zewen () = [ty (32) 02, (02) =ty (22 122, (32)]

= [ (30) iz (35) 24 (32) ety (32)]

(26)

(27)

(28)

Equations (19) with (21) and (20) with (22) form two uncoupled sets
of integral equations, sufficient to yield a solution for the unknown spectra

P,y ()) and P.,., (A). Clearly, because of the similarity between the two

sets of equations, once a solution for P,z (A) is found, the corresponding

one for P.,., () follows by inspection.
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3 Solution of the Diffracted Field

Upon a solution of the dual integral equations (19) and (21) we obtain

B ] Sin(ﬁ: Y ejkf/?sinzbc
Podd()‘) - I /\'T'/\o odd()‘)godd Y )godd odd(/\ )
an’d ()\) ﬁodd_l ﬁodd_l_m
Zoga (NF) 2200 mn (A4 X)) (AA)" 2
dd(o)Eodd(_Ao)-}_ mZ;l ;:% Amn (A + A5)™ (AA,) (29)

where we have assumed that Joad(z) ~ 254 as  — 0 with 0 < S,4q < 1. In
this, Noga = int {1/2(N}y; + N2, + 1)}, and ap, are arbitrary constants
as yet undetermined, and correspond to the coefficients of the polynomial
resulting from the application of Liouville’s theorem. The chosen symmetric
form of this polynomial is not unique but will be found most useful later in
constructing a reciprocal form for P,y (A). Also, G,4(\) are Wiener-Hopf
split function regular in the upper (+) or lower (-) half of the A-plane and
satisfy the relation

Gi(N*) = G1p(N)G1-(N) (30)

(see Appendix). Similarly, G,4()) are the corresponding split functions
associated with G3(A?). Finally, E,44()\) is some entire function behaving

no worse than [/\[(Nfidd*"vgdd)/?_s"‘“ and can take any of the forms

Zodd (_/\/\o) or
Eoqa (A) = ;1(1 (\) or (31)
odd (/\)
where Z%(\) are again upper and lower functions satisfying the relation
ZAH =2ZY(NZ-(N) (32)

Following a similar procedure we obtain P.,., (X) as

Peen (N) = J sing,v1— A2 eIkT/2sin o
cven - Qr A + /\o €Len (A) geven (,\ )geven (/\) geven( o)

even (A) Nevcn—l Neven“l —m

’ Zeven ()‘2 Z Z bmn (/\ + /\O)m (/\/\O)n (33)

=

even (_
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with Eepen (A), Newen and by, being the counterparts of E,qq (), Nodd and
mns respectlvely. Taking into account the choices (31), we may substitute
(29) and (33) into (14) and subsequently perform a steepest descent path
evaluation to obtain for p — oo (all surface wave contributions are neglected
in this evaluation)

—ikp
~ [Deat (6,65) + Deven (6,64)] ———

where (p, ¢) are the usual cylindrical coordinates and D,qq (¢, ¢0 )+ Deven (0, ¢5)
is the far zone diffraction coeflicient symmetric with respect to ¢ and ¢,.
We have

F(p,¢) (34)

eI/ sin ¢, sin ¢

27 cos ¢ + cos ¢,

Dyia (0, 9,) = —

ejkr/Z(sin do+|sinol)

Gyt (cos ¢) G (cos ¢, ) G337 (cos ¢) G344 (cos &,)

Eodd_l Nodd_l_m

Zosa (o8 $,c056,) + 3. D dmn

m=1 n=0

-(cos ¢ +cos ¢,)™ (cos @ cos @,)" (35)

eI™/4 sin ¢,|sin @]

27 cos ¢ + cos ¢,

Deuen(¢w¢o} = -

jkr/?(sin¢o+|sin¢|)
geven (COS ¢) geven (COS ¢o) geuen (COS ¢) geuen (COS ¢o)

Neuen lNevcn 1-m

Zeven (cos §,c080,) + 3 Z Bn

m=1

-(cos ¢ +cos ¢,)™ (cos ¢ cos @,)" (36)
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in which the functions Zodd,eum (cos ¢, cos ¢,) are given by (see (31))

N Zogd (— cos ¢ cos @, ) or
Zogq (cOS P, cOs ¢,) = Z 4(cos @) Z ,, (cosg,) or (37)
Z}14 (cos ¢) Zy, (cos 6,)
_ Zeven (— cos ¢ cos ¢,) or
Zeven (cOsp,cos¢,) = < Z7 .. (cos@)Z., (cos¢,) or (38)

Z:;en (COS qb) Z+ (COS ¢O)

even

Because the above three choices for Zodd and Ze,,en differ only by terms of
the form (cos ¢ + cos ¢,)™ (cos ¢ cos ¢,)", it is immaterial which of them we
choose, although one of the choices may likely lead to a more compact rep-
resentation. Nevertheless, regardless of the choice of Zodd and Ze,,en, one is
still faced with the determination of the unknown constants a,,, and b,,, in
(35) and (36), repectively. These are a manifestation of the non-uniqueness
of the finite-order GSTC sheet model employed herein, and their explicit
determination requires the introduction of additional constraints pertain-
ing to the physics of the problem. Before we consider their determination
for the general case, we first look at a specific example, that of diffraction
by a thin single layer junction.

4 Diffraction by Thin Single Layer Discon-
tinuous Slabs

The diffraction coefficient given by (35) and (36) is very general and can
model a wide variety of geometries. To check its validity, display its ver-
satility, and assess the relative importance of the unknown constants, we
consider the thin material-to-material junction of thickness 2w as shown
in Figure 4. The slab will be modelled by a sheet of thickness 2(w — w,)
and with a proper choice of the material parameters this geometry can re-
duce to junctions whose diffracted field is available, thus, permitting some
validation of our solution.

If the left hand side of the slab, in addition to being thin, is also asso-
ciated with low index of refraction, it may be modeled by a low contrast
GSTC sheet. Thus, an O(w',w!) approximation with terms of O(w,w) ne-
glected is sufficient for the representation of the operators or polynomials
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U} In particular, we have

uy (-0 /) = 1
U, (—31‘2/152) = Jh(vw — w,)

Uy, (—axz/kz’) = jk (welﬂl - ws) + % (ﬂ — ws> ox*

Uy Uq

Uy, (—02*/k*) = 1 (39)

where €; and y; are the relative permittivity and permeability of the left
hand slab, respectively, and

un — {ul, E. polarization
"7 le  H, polarization

(40)

Also, when w, = w, these are simply the transition conditions derived first
by Weinstein [5] and later by Senior and Volakis [6]. The corresponding
polynomials to be employed in (23) - (28) are given by

Ui, (—cosdcos ¢,) = 1

L{ll.z (—cosgcosp,) = jhk(vjw — w,)

uzlx (—cospcosd,) = jk (M - ws) + 7k (-Tﬂ — ws) coSs ¢ cos ¢,
Uy Uy

Uy, (—cospcosd,) =1 (41)

Incorporating these into (35) and (36) and setting

Zodd (cos @,co8¢,) = Zogq(— cos¢cosd,) (42)
Zeven (cos @,cos Py) = Zeyen (— cos @ cosd,) (43)
vields
—ir/d g i . . :
Doyi(0,0,) = — ¢ Sin o sin ¢ IkT/2sindot|sin¢l)

2 cos¢ + cos o,

U (=cosécosd,) — jk(uyw — w,) U (= cos ¢ cos ¢,)
M_ (cos ¢; yodd1) M_ (cos ¢,; yo4%1) G4 (cos ¢) G534 (cos ¢,)

(44)
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, —mie g o . . . . )
Deven (6, 60) = =557 :g;d)_*_l::s‘%&e]kT/?(smé +|sing))

. [ory +ax2 cos ¢ cos ¢0]Zl§2 (- cos ¢ cos d)o)—U%l (— cos ¢ cos do)
a3 [H2 z’\'!_(cos d);'yf,:"‘"‘l )}\/I_ (cos qbo;'yf,;'c"" )]g;i‘"(cos ¢)g§i‘"(cos ¢o)

m=1

+ bio(cos d+cos do) (45)
a1, M- (cos Sivar =T (cos woimm = ) 54 (cos $)054 T (cos $o)

where the split fun~"on M_ (cos ¢;¥) is given in the Appendix,

: (welm )
a, = Jk — W,

Uy
Gy = ]k <i - ws)
Uy

 hw

G3 = ! (61#1 - 1) (46)
Uy

and
A’odd,l — —]

k(ujw — w,)

even,l Uy + \/;% + 4k2u’ (ellul - 1) ('LU - ulu’s) (4,_,
T2 B 27k (w — wsuy) ")

with v°% o7 e¥em are associated with possible surface wave poles. To complete
the definition of (44) and (45), the functions associated with the right hand
side properties of the slab (i.e. those functions with the superscript 2) must
be specified and Tables 1 and 2 provide explicit expressions for the functions
UE (— cos ¢ cos ¢,), G234 (cos ¢) G4 (cos ¢,) and G5{™ (cos ¢) G5ie™ (cos ¢,)
terms. By edge condition considerations, all of the constants @, and bpy
have been set to zero except bjp appearing in the definition of Deyen, which
is non-zero unless the right hand side slab is a PEC/PMC under an E./H,
excitation (see Table 2).

By invoking image theory the diffraction coefficient for the
grounded metal- dielectric join, shown in Figure 5 is given by

D,4(cos ¢, co8 ¢o) = 2D¢yen(cos ¢, cos éo) (48)
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The GSTC or GIBC model for this structure cannot dsicriminate whether
the stub at the junction is a perfect electric conductor (PEC) or perfect
magnetic conductor (PMC). This information can only be carried by the
constant b, and its determination must somehow involve the properties
of the junction across its thickness as discussed in a subsequent section.
However, since the diffraction coefficient for the junction in Figure 5 is
already available [15], bjp can be identified. Upon setting w, = 0, we find

no stub _ :p. . /oL
blo -—]kuv,/‘q‘ (49)
ppec stub _ kwy o (50)
10 %(m_l)[hl_(m;\l;ucn,l)A!_(m'w;vcn,] )]2+;_
Jkw, [ EL
b{)omc stub _ 1 (51)

T (a1 M- (Vam o M- (Vs )] - 4

This comparison clearly demonstrates the importance of the constant b
and by referring to Figure 6 we observe that it plays a major role in the
computation of the diffracted field.

5 Modal Decomposition of the Symmetric
Slab Fields

A general approach for determining the solution constants is to enforce
tangential field continuity accross the junction. This, of course, demands
a knowledge of the fields internal to the discontinuous slab, which are not
readily available when a GSTC simulation is employed. The Weiner-Hopf
(or dual integral equations) solution in conjunction with the GSTC pro-
vides only the fields external to the slab, and this section deals with the
determination of the internal fields from the external ones.

A modal representation of the internal field is first proposed comprised
of discrete and continuous spectral components. This representation is
compatible with that given by Shevchenko [16] whose eigenfunctions are
chosen to satisfy field continuity across all layer interfaces including the
air-dielectric interface. Consequently, the representation is valid inside and
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outside the dielectric once the coefficients of the modal representation are
determined. This is accomplished by recasting the Weiner-Hopf or dual
integral equation solution given earlier (see (13), (14), (29) and (33)) in a
form compatible with the proposed modal representation, thus permitting
the identification of the modal or eigenfunction coeflicients. These will, of
course, be in terms of the unknown constants appearing in the Weiner-Hopf
solution and the enforcement of field continuity acrross the junction leads
to a linear system of equations to be solved for the constants as described
in the next section.

For the symmetric slab in Figure 2, the total field may be decomposed
into its odd and even components. Specifically we write

Fl'Odd(I,y) + Fl,even(l.’y) T < 0
F(z,y) =

ot
o

F2,odd (:r,y) + F?,even (:c,y) x>0

where F°4 (z,y) = —~F°¥ (z,—y) and F***" (z,y) = F¢*" (z, —y). Follow-
ing [16], the odd and even fields interior and exterior to the slab may be
expanded into discrete and continuous eigenmodes as

Ngo
. 2 : 1,90
1,0dd _ Z 41,0dd\1,1,0dd 1,90 — kA
F (Ivy) - ‘Am \I/ ((’\mg ) 7@/) € !

m=1
NLpdd

. 1,0dd
+ Z Brlr;oddéirlodd(y) e—_]kz/\mo

m=1

+/(;°° Cl,odd (ﬂ) \Ill,odd (1\2,1/) e—jkx/\dﬁ (53)

Ngo

Fl,euen (r,y) — z A:';evenqll,even ((A,l,;go)2 : y) e-jkx)\:r;yo
m=1

l,even
Naw

1,even F1,even —jkr/\l’e"e"
+ D BRTeLst (y) e

m=1

+ /Ooo Cl,even (,B) ‘I,l,even (/\2’ y) e—jkx/\dlg (54)
Ngo

2 . ,go
F?,odd(x,y) — E Aiodd\ylodd ((Azﬁgo) ,y> e-—]kg;,\fng

m=1
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fVZ;uOdd

; - 2,0dd
+ Z B?y;Odd(bi;Odd (y)e—]kx,\mo

m=1

ey -
+ CQ,odd 3 \1,2,0(1(1 )\2 e—jkr,\d/ 55

0 ‘ Y
fvgo 2 . 23,90

F?.even(r’y) — Z Azr;even\pleven ((/\iigo) ’y) €~)kr.\m

m=1

N2,evcn

Sw

2,6?"?“’« s Z.even _.jkIA2'e“E"

+ D BT (y) e

m=1

4 /oo CQ.euen (}3) ‘I,2,euen ()‘2, y) e_jkr'\dﬁ (56)
0

where Im{A2#even} < 0 and A = /T — 32, with the branch of the square
root chosen so that Im{y/1 — 32} < 0. In (53)- (56), ¥°44 " are referred
to as the cross section functions corresponding to the continuous modal
fields whereas ®°%4¢v*" are the corresponding cross section functions for the
discrete modal fields associated with the surface waves. The cross section
function associated with the geometrical optics fields is also Wod®ven eval-
uated at A = A9?, where A’is a parameter to be determined later. As can
be observed from (53) - (56), the cross section functions specify the field
behavior in the plane normal to the slab, and hence all information per-
taining to the fields interior to the slab are embedded into these functions.
They will be chosen to satisfy the orthogonality relations (where u(y) is

i(y) or e(y) for E, or H, polarization, respectively)

/oo T (A%, y) ¥ (X2,y)

dy = 0 for A # A (57)
oo u(y)
/oo @m(y)xp()&y)dy - 0 (58)
oo u(y)

and thus each discrete eigenmode @,, (y) e™?*** and each continuous eigen-
mode ¥ (A2, y) e 7" must satisfy the wave equation. Additional details
pertaining to the cross section functions are given in [16].
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Exterior Cross Section Functions

To compute the cross section functions in the exterior slab region |y| >
7/2, we recall that in accordance with the slab simulation based on the
generalized sheet transition conditions (GSTCs), the external fields satisfy
the conditions (10) and (11). Because of the orthogonality relations (57)
and (58), each of the cross section functions ¥ (A%, y) and ®,, (y) must then
satisfy their respective odd or even GSTC. In view of this we set

1—- A2

Uty (V) cos [k (y] — 7/2) VT = 2]}
N Ii_l {ulpl (’\2) diz(1, 1, |y = 7/2, A7)

+L{1p2 (’\2) 622(17 1’ |y| - T/Q, )‘2)} (59)

cven (2 oy sin[k(lyl = r/2)VI= X
v (i) = g, ()BT

+U%, (/\2) cos {k (ly| —7/2)V1 - /\2]}
= {8 (V) G0, 1, |yl - 7/2,0%)
HUE (X*) Gn(1, 1, [y — 7/2,2%)} (60)

where §;; represents the infinite order form of the ¢;; layer operators given
in [10]. Once each of the modes comprising (53) through (56) is substituted
into (10) or (11), the differentiation implied by —8z%/k? reduces to a mul-
tiplication by A? and the above ¥P°% and ¥Pc**" are then readily shown
to satisfy the associated GSTC. It can also be shown that these satisfy the
orthogonality conditions (57) and (58).

A customary representation for the surface wave cross section functions

. ,odd2
0t () = WV e e

. even\2
@Zeven (y) — e"Jk(’y|-T/2)V 1"(’\‘1';1 ) : |y, > T/?., (62)
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where A2ev¢94d must now be chosen so that they satisfy their associated
GSTC. By substituting (61) and (62) into (10) and (11), we find that
Aoddeven myust satisfy the polynomial equations

J1- (/\ﬁ;°dd)2u{’2 ([Af,;°dd]2> +UP, ([Aﬁ;"ddr) = 0 (63)
/1 . (/\Eﬁeuen)Zué)Q ([/\fr;wen]z) + u2pl ([/\frleven]Q) - 0 (64)

and can be also identified as the poles of the slab plane wave veflection
coefficient. We further note that

\I;P.Odd ([/\z{odd] 2 \ y>
ity ([ee)’)

\ij,even ([Aﬁieuen]z , y)

P (y) = Dyl > 7/2 66
(y) Uz, ([,\gf”f"]?) lyl > 7/ (66)

LM (y) =

oyl >T/2 (65)

implying that for a multilayer slab the cross section functions associated
with the discrete and continuous eigenmodes are of the same generic form
given by (59) and (60).

Interior Cross Section Functions

We consider now the determination of the cross section functions for the
region interior to the slab (i.e. in the region |y| < 7/2). For simplicity let
us first assume a single layer slab of thickness 1 = r, whose upper face is
located at y = —7,/2. In accordance with the preceeding, the cross section
functions associated with the external fields are given by

gpiodd (/\2,y> = %‘ {qH (u’l’, ,{’l’,rl”,/\2) qi2(1, L, |y] = /2, ,\2)

+q12 (uﬁ' K,;aT]psA2) d’l?(lvla‘y| —T1/23 A2)}1 |y| > T1/2 (67)

gPever (/\2, y) = {(]21 (Uf, ’{11’5 Tf, /\2) (in(l, 1, ly| - Tl/25 /\2)
gz (1, 85,70 0) (1,1, lyl — /2,000 )5 [yl > /2 (68)
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obtained by setting U (A\?) = g¢i; (uf, 3,77, A?) in (59) and (60). These
are orthogonal functions and each must, therefore, satisfy the continuity

conditions
JProdd ()‘2’ 7] ) — ppodd (/\2’ 7-14') (69)
_ay\pp ,odd (/\2’ . ) = QyPredd (/\2’ T1+) (70)
Jpeven (/\2’ 7 ) — ppeven (,\2’ 7-1+) (71)

L oyureen (32,17) = apwre (31 )

with similar conditions on $°%cve"(y), It is now straightforward to deduce
that possible cross section functions satisfying (69) - (72) are of the form

o Y -
et (Ay) = %«m ul, k7, |yl A%) (73)
T (Wy) = (el 8 [yl A?) (74)

for |y| < 7/2. Also, in view of (69) - (72), the cross section functions for
the surface wave modes remain as given in (65) - (66), provided (73) and
(74) are used in place of Poddeven,

For the general case of a multilayer slab, it is necessary that each of
the internal cross sections functions satisfy the continuity conditions at all
layer interfaces comprising the slab. In this case we find that

( ufl ()‘2)612(13 13 Iyl - T/27 ’\2)
+ulp'2 (’\2) q~22(11 17 lyl - T/2v /\2);
ly| 1 lyl > 7/2
grodd (/\2’ y) = =1 Pid (M) qua(uf, &F, 1yl — g1, A?) (75)
+7’1l'2p(/\2) ga2(uf, K7, [y — i1, A%);

v >yl >y
Cquz(uf, &7, lyl, A%); Jyl <m
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U (M%) ¢ia(1,1, ly] — 7/2,)0%)
+UL, (M) Ga2(1, 1, Jy| — 7/2,A?);
lyl > 7/2
TP (W) = § PR ) qualud w7, lyl = et A (76)
+PyF (M) qaa(uf, 67, |yl — o1, A2);
v >yl > v
\ q”(uilj’ K;I’s lylﬂ )‘2); ‘yl <

where

[P{'f(—%f) Pif (- BI)] ﬁ

wir () 7k () 1

[q“(uf’n,h{’n,r"ﬁ,-—v) qr2{ vl nfn,rr’:ﬂ—%?)]
(

Ar? (
P, p _ a4z ofyP P P 2r%
g1l iy, hm’ T k2 ) qz?(um? Ko T k2 )

When these are used in (53) - (56) in conjunction with (65) and (66) we
have a complete field representation for all .

6 Recasting of the Dual Integral Equation
Solution for a Material Junction

The expressions (53) - (56) can be used to represent the fields interior and
exterior to the slab. It remains to find the coefficients of these expansions
and to do this we must first rewrite F (z,y) in a form compatible with (53)
- (56). That is, we need to identify from (13) and (14) the discrete and
continuous spectral components. The discrete portion of the spectrum is,
of course, comprised of the geometrical optics and the surface wave fields.
These can be identified by detouring the integration path in (14) as shown
in Figure 7. In particular, for < 0 the integration path may be deformed
to one over the branch cut in the upper half of the A plane, capturing
any surface wave poles attributed to the zeros of G¢%¢(\) and Gve™ ().
Similarly, for * > 0, the integration path may be deformed to one over
the branch cut in the lower half of the A plane causing the capture of the
geometrical optics pole at A = —), in addition to any surface wave poles
attributed to the zeros of Gg¢? (A) and G5ue™ ().
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Through the above deformation of the integration paths in (14) we
obtain

FLodd (z,y) + FLo (z,y) + Fii (z,y) 2 <0

, 78
F2et (z,y) + Fo* (2,y) + Fy (2.y) @ >0 8)

Fo*(z,y) = {
Fleven (z,y) + FLheven(z,y) + F 57" (z,y) € <0

Feven(x, = suen &
(&) {F;f“e”(x,y) + Fleen (,y) + Fipy " (2,y) >0 )

where the components F,, F;,, Fyiss denote the geometrical optics, surface
wave, and branch cut (or diffraction) contributions to the total fields.
After some manipulation we find

F.glo,add (z.y) = A},odd (/\o) g lodd (/\2’ y) glkzcosd, (80)
F;‘;odd (z,y) = Af,odd (Ao) 2odd (Ag, y) gk cosbo (81)
Fgl(;euen (z,y) = ‘A},euen ()\o) Jloeven (/\:L:3 y) gIkz cos éo ('82)
F;O.even (z,y) = ‘4‘1.’,even (Xo) Leven (/\Z’ y) plkz cosdo (83)

where the A expansion coefficients are identified as

sin ¢o€jkT/2 sin ¢o

1,0dd
A(N) (02 (84)
: jkT/2singo
ARl () sin $oe 85
1 ( ) ggdd (Ag) ( )
: jkT/2sin¢o
Al,even /\0 — s ¢Oe 86
1 ( ) gfven (/\Z) ( )
. JkT/2sin¢g
Areven(y)) = SRELT 87
C = ey &7
For the B coefficients, we have
Now™
FsltLOdd(‘l:’ y) = Z B}’Odd(’\o) ]:Zodd (_/\o/\(LOdd)
=1
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Nodd=1 Noga—1-m ]

n Z Z - ()\11 odd+/\) (All.odd/\o)"

i \pl.odd ([/\ll,odd] ’y) e"]kr)\‘l ,odd (88)

Nleven
Fslzl;euen (LL‘, y) — Z Bl even o [Zodd (_/\0/\11.euen)

N 1 NCUCTI 1 -m m "

+ Z Z bmn (/\1 even + Ao) ()\ll,even/\o) ]

. \Ill,euen ([/\ll,even] 2 ’ y) e_Jkr’\ll'wm (89)

with
o — sin ¢,
BII’ dd (,\O) = m

ejkr/?sintbo

" Tagedd(y) o R 1,0dd
{ ]8.\ ]\ - dd (| .) Ggd dd ()‘10 ) gid(/\o)
,:,l’

(90)

—sin ¢,

Bl,even )\O
{ ( ) /\1 even +)\o

6jk7'/2 sin ¢,

~

' [ug;:e"(,\)}
aA A:All,even
The expressions for F2°%(z,y) and F2¢**(z,y) parallel those in (86) and
(87).
To obtain the C coefficient we express F dl,;’?d as

(91
Grem (M) G5 (W) G5y (M)

1odd ‘ 3\/1—7/\2
Faigy (2.y) |y|/ Tr\/l—d:’(\/l—ﬂu”’\)

jkr/?(\/:_@ﬁ) o= IkIulB g~ kz\/1-62
odd <m+5lﬁ!) odd () )godd( A= 32 /32) gedd (),)
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Nodad=1 Nogg—1-m

'[Zodd( \/1—ﬁ2)+z Z
amn (20411 57) " (Aay/1 - 52)n]dﬂ (92)

where the branch of the square root is chosen so that I+ /T — 3?) > 0 and
¢ is a vanishingly small positive number. By splitting the integral into its
positive and negative portions, and employing some identities (92) becomes

Fuff'(zyy) = /O C" () Zoua (\/1—132,/\0)
. \I}I,odd (1 _ ’32’y) e—jkr\/l—ﬂﬁdﬂ (93)

with the expansion coefficient C'!°4(3) given by
Cl,odd(ﬂ):i /32\/1_/\(22
TVI=B (VI=F7+ )

jkr/z\/l-_,\ggodd (m) (08
G5 (VI=77) G534 () 652 () {1l (1 = 207 = 32 0k, (1= )T

Similar expressions for Fd,” (z,y), F;{;’}e"(x, y) and F 74 can be obtained
in a parallel manner leading to the identification of the remaining C coef-
ficient.

7 Determination of the Constants

To determine the constants a,,, and b,,,, we may now enforce the tangential
field continuity conditions

Flz=0"y) = F(z=0"y); lvl<7/2 (95)
1
" (y)axF(w,y)Izo- = (y)aafF(I,y)xzom lyl<7/2  (96)
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with

_ Jma(y) E:-pol -
“"Z(y)_{el,z(y) H.-pol 1)

and the subscripts 1 and 2 denoting quantities attributed to the left and
right side of the slab. Substituting (79) - (79) into (95) and (96), we obtain

Fglo"’dd (a.' =07, y) + Fletd (x =0, y) + F;;}’fd (x =07, y)
= F2" (e =0%,y) + F2" (o = 0%, y) + Fipf (z = 0%,y)  (98)

1
u (y)

O [Flr™ (2,y) + FL™ (x,y) + Fiiy (zow)]_
1
uz (y)

Oz [Fir (a,y) + F2 (2,y) + Fagy (zy)] ., (99)

Fglo,even (.I — 0—’y) + Fsllljeven (Cl,' — 0_,y) + Fdli,;z}en (.I‘ — O_,y)
= FE " (z = 0%y) + F2" (2 = 0%y) + Fijy (2 = 0% y) (100)

1
a Fl,even' , Fl,even ; Fll,even ,
w1 (y) 1'[ go (z,y) + Fo,0" (2,y) + diff (z y)]
1

= (91;‘ F2,even T, +F2.euen z, +F2',even z,
uz (y) [g" (@,y) + F5 (2. y) + gy y)]

r=0-

z=0% (101)
to be solved for all a, and byy. In particular, for an odd GSTC of O(N?)
to the left and of O(NZ) to the right of the discontinuity, the number of
amn to be determined is equal to

Noud (Nodd - 1)
9

<

{ (‘V;dd+Ngdd)(‘V;dd+N§dd'2). N1

N,

i N, + N2, is even «

e wtdmem
odd BOdd ' ‘ngdd + Nozdd is odd

To determine all a constants, (99) and/or (100) must then be enforced or

sampled at a minimum of N, points accross |y| < 7/2 and 0 < ¢, < .
Similarly for an even GSTC of O(N{"") to the left and of O(N;**") to the
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right of the discontinuity,

fVeven (N:even - 1)

iVb =

2
( cven+N3uen (Neluen+N52ven_2) . 1 2
_ 3 5 Noyen + NZ,.,. 1s even 103
- ( euen+N22ven _1 . 1 V2 dd ( )
8 . Neven + even 1s o

and thus, the b constants can be determined by enforcing (101) and/or
(101) at a minin.  u of N, points.

Substituting .or the flields in (99) and (100) as given in the previous
section, we obtain the equations

Na

VEY (Aoy) = D ap,ZE(m(p),n(p), Ao y) (104)
p=1
Na

Vit (Novy) = Zazsidp (p),n(p), Aoy y) (105)

where Ay = Qm(p)n(p) with

_ (”+m‘j)(m+")+m (106)

<

1+8(p—1)—-1
m(p) = P—-%Int{ * (g ) }

)

mt{,/1+8(p—1)+1} (107)

2

1+8(p—1 1
nip) = Int{V ukltinkl s }—m(p) (108)

2

which are in accordance with the ordering of the a,,, constants as the order
of the GSTC is increased (see Figure 8). The functions V244 Vedd 7edd and
Z3%% are readily determined from the previous analysis and are not quoted
here.

Equations similar to (104) - (105) can be obtained for the b constants
in a parallel manner.
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8 Validation of the Solution

The validity of the derived angular spectra and diffraction coefficients was
already performed to a limited degree in Section 4 of the paper. What
remains, therefore, is a validation of the procedure for computing the con-
stants am, and b,,, which amounts to solving a small matrix. The valida-
tion was done by comparison with processed data from a numerical model
which consisted of a finite length slab having the prescribed discontinuity
or junction at its ceuter. First, the transient response of this finite slab
was generated from bandlimited frequency domain data. The contribution
from the material junction was then obtained by time gating the transient
response. Numerically derived data from this procedure were found in good
agreement with the presented analytical solution. An example is shown in
Figure 9 corresponding to a thick (0.2 freespace wavelengths) material half
plane. The numerical and analytical data are clearly in good agreement,
and it is again demonstrated that the constants play a major role in the
solution.

9 Other Applications of the GIBC/GSTC

It was shown above that the GIBC can effectively model thick planar layers
of material. However, corresponding GIBC can also be derived for curved
coated surfaces (see Figure 10), and the improved accuracy of these is
particularly evident when surface wave effects are dominant. For surfaces
having relatively large radii of curvature these can be easily derived from
those of the planar surface with r and : replaced by the local tangential
variables and y by the normal one. With a second order GIBC derived in
this manner, the Mie series and GTD solutions have been found [20], [21]
and compared with the exact modal series solution for a coated cylinder.
As illustrated in Figure 11, the field given by the Mie series based on the
GIBC is in excellent agreement with the exact result even at points close to
the surface in the shadow region where a finite order boundary condition is
inadequate. In contrast, data based on the standard impedance boundary
condition (SIBC) are substantially inaccurate.

Higher order boundary conditions have advantages in numerical treat-
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ments as well. When used to simulate a coating, a GIBC eliminates the
need to sample inside the dielectric, and this is important when storage 1s
limited. In addition, it may be possible to use a GIBC to transfer a bound-
ary condition to a plane, thereby producing a boundary integral equation of
convolution type. In conjunction with an FFT, the equation can be solved
iteratively to reduce the storage requirement to O(n) where n is the num-
ber of unknowns. As an example, for the three d*niensional problem of a
cavity in a coated ground plane, a GIBC provides a simple modal as well as
a reduction in memory. If the coati~: s lossy or tapered in thickness, the
non-uniqueness due to the terminations is avoided, and the same is true for
cavities whose depth tapers to zero. Nevertheless, caution must be exer-
cised when solving the integral equation numerically. The GIBC results in
higher order derivatives applied to the Green’s function, and even if some
can be transferred to the current, the increased singularity of the Green’s
function makes discretization more difficult. In spite of this, integral equa-
tion methods using GIBCs of up to the third oder have been successfully
implemented [22].
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Appendix: Multiplicative Split Functions

In this appendix we consider the splitting of
G (A?) =Us (N?) + V1 = NUp (V) (109)

as a product of two functions, one of which is free of poles, zeros and
branch cuts in the upper half of the A plane and the other having the same
properties in the lower half of the A plane. That is, we seek to write G (\?)
in the form

G (M) =6. NG (110)

where the superscript + and - indicate an upper or lower function, respec-
tively. Noting that

U (M) = %4 (11— (111)
n=0

Us (\?) = %Bn 11— (112)
n=0

with Ny = Ng or Ny = Ng + 1, we may rewrite G (\?) as
Ns N
G(M) =3 S.[Vi- ,\2] (113)
n=0

where N, = Max(2N4,2Ng + 1) and S, = A,/; if n is even and S, =
B(n-1)y2 if n is odd. However, since we seek a multiplicative splitting of
(113), a more convenient form to represent G (A?) is

g(v):soﬁ(wg)

n=1

(114)

in which 7, denote the zeros of the polynomial Z,]\fo S (—/\)l. We immedi-
ately now identify that each of the product terms in (114) can be factored

as
VI= A2 g
1+—-1——-d=f M, (\v) Mo (A y) (115)
Y
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where

V1-=-A
My (X57)
is the split function characteristic to the impedance half plane having a
constant surface impedance 1/y [17]. With the branch choosen so that

Im(V1 =A%) <0, M, (\;v) is explicitly given by

My(%y)  Im(y)<0
My (hi7) = M- (=X9) = § in(r-vi) (117)

Al+(/\;—’y) I:il(‘y) > O-

KNy (M1/y) = (116)

Ui (n/2) [1 + V2 cos (Eﬁ.‘z_"‘_‘*‘_‘?)] [1 + V2 cos (Swfzga-g)]

M cosa;l/n) =
+( /n) \/g[q,ﬂ(gﬂ/g_a—8)‘I/,r(7r/2—a+9)]2

(118)
In this,
Im(n) 2 0
A = cosa
Im(\/l—l/n2> < 0
§ = sin~!(n) with 0 < Re(0), (119)

and ¥, (o) is the Maliuzhinets function [18] whose evaluation in algebraic
form has been given in [19].

The determination of G4 () is now rather trivial. By substituting (115)
into (114) we easily obtain

Ns
Gr () = G- (=2) = /S0 [T M (3 ) (120)
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Figure 1. (a) Distributed sheet. (b) Distributed sheet discontinuity.
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Figure 4. Thin discontinuous slab and its associated sheet representation.
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Figure 5. Recessed slab (PEC stub) on a ground plane.
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Figure 7. Deformation of the C contour for (a) region | integrals and (b) region 2
integrals.
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Figure 8. Indexing scheme for the constants.
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Figure 10. Illustration of a three-layer coated cylinder.
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